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Introduction 
The problem to be considered here is the determination of 
the possible configurations of a perfectly flexible and 
inextensible heavy chain rotating uniformly about an axis 
in the direction of the gravitational acceleration and with 
both ends fixed, a given distance apart, to the axis of rota- 
tion. This problem has recently become of interest in 
connection with the design of vertical axis wind turbines’ 
and is also of importance in the study of rotating threads 
in the spinning industry.2 In spite of comprehensive 
analyses and sophisticated treatments of this problem in 
three modern papers2-4 no one has yet succeeded in pro- 
posing a method, analytical or numerical, which gives a 
quantitative description of the configurations of heavy 
rotating chains. Since the chain may assume nodes on the 
vertical axis between the two fixed ends more than one 
possible nodal configuration must be allowed for, given a 
particular angular velocity of rotation. 
In this paper we present a simple numerical method by 
which, through physical discretization of the chain, the 
different nodal configurations may easily be calculated 
for any given angular velocity. In addition, in agreement 
with the work of Kolodner,3 the existence of a critical 
angular velocity for each nodal configuration, below which 
it cannot exist, is also demonstrated. 
To illustrate the basic difference between the conven- 
tional approach to the problem and ours we consider first, 
very briefly, the essentials of the continuous formulation as 
set out in the definitive article of Kolodner3 and as used 
by subsequent authors.2,4 
Continuous model 
Kolodner3 considered the motion of a continuous chain of 
uniform mass per unit length, p, rotating steadily with a 
uniform angular velocity, w, about the vertical axis through 
a fixed end while the other end is free and where at any 
instant the chain lies in a plane. 
Stuart2 considered the same problem except that in his 
case, as in our study, he also considered the problem where 
both ends of the chain are fixed to the axis of rotation. 
The continuous formulation is the same for both cases 
except for different boundary conditions. 
The equations of motion for the continuous chain are: 
(P%), = PZ! + (%), (1) 
x,*x, = 1 (2) 
where the meaning of the symbols are as given below and 
as implied by Figure 1: 
s, arc length measured from origin; X = (x(s, t),y(s, t), 
z(s, t)), position vector of a point on chain; T(s, t), tension; 
g = (0, O,g), acceleration of gravity vector; total length of 
chain is denoted by L. 
Assuming constant angular velocity, equations (1) and 
(2) reduce to: 
(TX’)’ + pw2x = 0 (3) 
(Tz’)’ + pg = 0 (4) 
X ‘2 + p = 1 (5) 
where the prime indicates differentiation with respect to s. 
The boundary conditions are: 
x(0) = Z(0) = 0 (6) 
and 
x(L) = 0 z(L) = a (fixed lower endpoint) (7) 
or 
T(L) = 0 (free lower endpoint) (8) 
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By defining: 
u(s) = Tx’p-‘g-l (9) 
and performing the necessary manipulations Kolodner3 
transforms equations (3)-(5) to a single nonlinear ordinary 
differential equation of the Sturm-Liouville type: 
U” + &&$42 + s2)444 = 0 
with boundary conditions: 
(10) 
U’(0) = 0 (11) 
and 
or 
U’(L) = 0 (fixed) (12) 
U(L) = 0 (free) (13) 
Equation (lo), which represents a nonlinear eigenvalue 
problem, forms the starting point in the analysis of Kolod- 
ner. By the clever and sophisticated application of methods 
characteristic for ordinary differential equations he arrives 
at results which describe qualitatively the set of all solutions 
for arbitrary angular velocity. The results of Stuart2 are of 
a similar qualitative nature. 
Discretized model 
An alternative approach to the problem is to consider the 
chain as consisting of a string of equimass point particles 
connected to each other by identical and completely 
flexible, inextensible and weightless links. A schematic 
representation of such a discretized cable rotating at a 
constant angular velocity o about the vertical axis and 
depicted at the moment of moving through the x-z plane 
is shown in Figure 2. 
The chain is assumed to consist of N t 2 particles, each 
of identical mass except for the 0th and (N t I)th particles 
which are assigned half the mass of the others. The length 
of each chain link is taken as 6 and the distance of the ith 
particle of mass mi from the z-axis is denoted by xi. For N 
sufficiently large and 6 small enough such a discretized 
chain may be considered as a suitable model of a con- 
tinuously uniform chain of density p per unit length and 
total length L provided we make the following choices: 
RZi = pL/(N t 1) i=1,2 > ... , N (14) 
mo = mN+l = ,W{2(N + 1)) (15) 
and 
6 =L/(N+ 1) (16) 
Indeed, the discretized model may in many practical cases 
be considered a more precise description of the actual 
structure of a chain. 
Governing equations 
Let Ti denote the tension in the link connecting the ith 
particle to the (i + 1)th particle and let 8i denote the angle 
at which this link is inclined to the vertical. The dynamic 
problem we are considering may now be reduced to a 
static one by the application of D’Alembert’s principle. 
This is done by the introduction of centrifugal forces. 
We apply a force of magnitude miXiW2 to the ith particle 
in the direction as shown in Figure 2. 
Figure 2 
Consider now the equilibrium of the ith particle. The 
balance of forces in the horizontal direction requires: 
Ti_1 sin&-r = Ti sinei + mix+’ (17) 
and in the vertical direction: 
Ti_1 CoSOi_l = Ti CoSOi t mig (18) 
From equations (17) and (18) it follows that if Ti_ Ir Oi_1 
and xi is known we may solve for Bi: 
6, = tan-’ 
‘Ti_lsinei_l-mixiw2 
I Ti_lcostl_, - mig (19) 
and once Oi is known it follows that: 
Ti = (Ti-1 cosOi_l -mig)/cosOi 
with: 
(20) 
Xi+r=s i sin& 
k=O 
and: 
(21) 
zi+l = 6 c cosek 
k=O 
(22) 
Equations (19-22) may be considered as the governing 
difference equations of the system which must be solved 
subject to the boundary conditions: 
x0 = 0 ze = 0 (23) 
and: 
xN+l=o zN+l =a (24) 
Method of solution 
To initiate, for given angular velocity, the computation of 
the configuration of a chain by equations (19-22) the 
initial values To and B. are required. These values may be 
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determined by employing the Newton-Raphson iterative 
procedure. Let Ti and 06 denote thejth estimate for the 
initial values To and Be. If the computation is carried 
through with these estimates then clearly the corresponding 
calculated end conditions xJN+r and zJN+t may be con- 
sidered as functions of Th and Bi, i.e.: 
x’,+,=x’,+,(T~, e’,) (25) 
namely, w = 3,4, 10. The other parameters of importance 
are L = 3, a = 2 and N = 100. The density or mass is not 
given explicitly since it is found computationally, and may 
also be confirmed by manipulation of equations (17-20), 
that the solution &, and therefore the shape of the chain, 
is independent of mi provided mi is constant throughout. 
z&+1 =&+1 CT;, e’,) (26) 
Let: 
Fi=F(T&,8i)=z&+l-a 
Gi = G(T&, o’,) = XL+ 1 
From equation (24) we require: 
F(G) 44 = G(T,, 0,) = 0 
(27) 
(28) 
(29) 
The solution to the problem may now be obtained itera- 
tively by applying the Newton-Raphson method for the 
solution of nonlinear equations to system (29). Successive 
approximations to the solution are then generated by the 
recursion formulae: 
($1 =ei,_ F’$_Gi~ 1 J(F,G) (30) 0 0 )I 
II 
JF, (3 (31) 
where: 
aF ac aF aG 
J(F,G)=.= - ~ 
0 0 a2-, as, 
(32) 
a 
b 
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In the actual computation the partial derivatives which 
occur in equations (30-32) are replaced by computed 
divided differences. The iterative procedure (30-32) con- 
verges readily to a solution (To, eo), which corresponds to 
a particular nodal configuration, provided a reasonable 
initial guess (TO,, 0:) is made. 
Computed results 
IO -.....__. 
--... . . . . ..*......_ . . . . . .-...__ --..._._ . . . . . . .--... 
Employing the above method in a computer program the 
. . . . . . *.. . . .::.: . . . . . . . . . . . . . . . . w=4 ..1...: .. . . . . . . . . . . . . 
different nodal configurations may be computed for any 
. . . . . . . . . . . . . . . . .... 
.. W=3 
I 1 / 
chain, of specified length, L, and mass density, p, which 
0 25 50 75 100 
rotates with a given angular velocity, w, about the vertical. 
Links 
In our calculations no difficulty was experienced in select- 
Figure 3 
ing suitable estimates for the initial conditions since * 
invariably almost any rough guess resulted in rapid con- I 
vergence to one or other of the nodal configurations. 
0 2 3 
Having found one such solution the initial conditions 
could be changed intuitively to yield the other nodal 
configurations. The only complication which can arise is 
the possibility of searching for a nodal configuration 
which cannot exist at the given angular velocity. The 
existence of a critical minimum angular velocity for a 
particular nodal configuration will be discussed in the next ’ ’ 
paragraph. 
We now give a few examples of the computations done. 
The calculations were performed on an IBM S/370 model 
145 computer. The value of g used is 9.8 mse2. All lengths 
are given in metres and angular velocities in radians per 
second. Figure 3a shows the shapes computed for the 
fundamental configuration (no internal nodes, denoted by 
n = 0) for three different values of the angular velocity, Figure 4 
234 Appl. Math. Modelling, 1979, Vol 3, June 
Figure 3b depicts the corresponding variation of tension in 
the links along the length of the chain for each of the three 
cases considered. Figure 4 gives the fundamental configura- 
tions computed for three similar chains of different lengths 
L = 3,4 and 6 respectively. Each chain rotates at the same 
angular velocity, w = 5, about the vertical and the values of 
N corresponding to the different lengths are 100, 134 and 
20 1 respectively. Figure 5 shows five different nodal con- 
figurations (n = 0, 1, 2,3 and 4) computed for a particular 
(L = 3, a = 2 and N = 100) chain. The angular velocity is 
different in each case and the respective values are as indi- 
cated in the figure. 
Eigenvelocities 
The existence of the eigenvelocities, mentioned by Kolod- 
ner,3 may also be demonstrated by considering the dis- 
cretized model and for a chain of given nodal configuration, 
n, and length, L, the corresponding critical eigenvelocity 
(wz) may accurately be determined. This is done in the 
following way. With a sufficiently large initial choice for 
w a solution is obtained corresponding to the required 
nodal configuration. This implies a configuration in which 
the tensions in all the links are positive (since the chain is 
completely flexible no compressions may be allowed, i.e. 
Ti > 0 for all i). The computer program now reduces the 
angular velocity in a systematic way, computing the solu- 
tion (if it exists) at each step. Reducing the angular velocity 
Figure 5 
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Table 1 
n a: E 
cl 2.38068 1o-9 
1 5.62208 1 o-9 
2 10.9239 lo-’ 
3 15.9914 JOY 
4 21.0394 1c5 
Table 2 
N WC0 (E=lm 
25 2.3912 
50 2.3810 
200 2.3807 
400 2.3795 
results in an overall reduction in the tensions in the links 
of the chain (see-Figure 3b). The tension in the link exhi- 
biting the smallest overall tension is monitored and by 
using standard extrapolation techniques the angular fre- 
quency is reduced until the tension in this link is arbitrarily 
close to zero, the exact requirement being that: 
Tmin/Tm,, =G e (33) 
where Tmin and T,,, respectively represent the smallest 
and largest values of tension which occurs and E is an 
arbitrary small specified positive number. Table 1 gives the 
critical minimum angular frequencies, as determined by 
this method, for five different nodal configurations with 
L =3,a=2 andN=200. 
To determine whether or not the choice of N has any 
effect on the critical velocity the calculations were repeated 
in the case n = 0 using different values of N. The results 
for L = 3 and a = 2 are listed in Table 2. 
Quite clearly the influence of varying N for values of 
N larger than 50 may be considered as negligible. 
Concluding remarks 
Physical discretization of the chain results in a numerical 
procedure which readily yields accurate solutions to the 
problem in a way which is not possible if the conventional 
continuous approach is followed. Indeed, the method is 
so simple that the effect of varying different parameters, 
such as the length of the cable or the angular velocity of 
rotation, may easily and economically be studied. In 
addition, the solution to the associated nonlinear eigen- 
value problem is obtained in a natural way and the influence 
of different parameters on the critical minimum angular 
velocities may also readily be investigated. The further 
problems of elastically extensible rotating chains, or chains 
having varying mass densities, may also be dealt with by 
this method without appreciably complicating the algorithm 
to be used. 
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